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A CHARACTERIZATION OF A STANDARD
TORUS IN E*

KATSUHIRO SHIOHAMA & RYOICHI TAKAGI

0. Introduction

Let M be a two dimensional, connected, complete and orientable Rieman-
nian manifold of class C~, and ¢: M — E* be an isometric immersion of M into
a Euclidean three space. The purpose of the present paper is to find some con-
ditions for M to be congruent to a standard torus in E°; by a standard torus in
E* we mean a surface of revolution defined by

x=1{(+ bcosu}cos v, y=1{(a-+ bcosu)sinv, Zz=>bsinu,
a>b>0,0<u<2r0< v <2r,

which we shall denote by T(a, b). One of the properties of a standard torus is
that one of its principal curvatures is constant everywhere. There are a lot of
classes of surfaces with such property, for example, sphere, right circular
cylinder, standard torus, etc.. A characterization of a standard torus seems to
be more complicated than those of a sphere or right circular cylinder under
the condition that one of the principal curvatures is constant everywhere, since
a standard torus has non-constant mean curvature and its Gaussian curvature
changes sign. The authors were inspired on this subject by one of the problems
stated by Willmore in [4], and were informed of this problem by Professor M.
Obata.

Problem (Willmore [4]). Let ¢: M — E* be an imbedding of a compact and
orientable manifold M of genus 1 into E£°, and H be the mean curvature of
«(M) with respect to the induced metric from E°. Then, does the following
equality hold?

inf f HWdA = 21",
Coton
where dA4 denotes the area element of M and . ranges over all imbeddings of
M into E*.
The main theorem of the present paper gives a partial solution to the above
problem, and can be stated as follows:
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Main theorem. Let M be a two-dimensional, connected, compact and
orientable Riemannian manifold of class C~ and nonzero genus, and ¢: M — E*
be an isometric immersion. Suppose that one of the principal curvatures of
¢«(M) is a constant R everywhere. Then we have

fHZosz > 27,

where the equality holds if and only if ¢ is an imbedding, and (M) is congruent
to the standard torus T(v'2/|R|, 1/|R).

In §2 we shall classify the surfaces satisfying that one of the principal
curvatures is a constant everywhere, and a proof of the main theorem will be
given in § 3.

The authors wish to express their gratitude to Professor H. Nakagawa for
his valuable advice about the treatment of differential equations (2.5) in §2,
and to Professor M. Obata for his constant encouragement.

1. Definitions and notation

Throughout this paper let M be a two dimensional, connected, complete and
orientable Riemannian manifold of class C=, and (: M — E® be an isometric
immersion of M into a Euclidean 3-space. When the argument is local in nature,
a point p ¢ M may be identified with «(p). Let % (M) and % (E®) be the ortho-
normal frame bundles on M and E® respectively, and B the subset of #(E®)
defined by B={b=(p,e,e,.e)|(p,e,,e,) € F(M),(c(D),c(e),,(e,),e) ¢ F(E}.
Then, #: B — % (E® is naturally defined by ¢(b) = (e(p), ¢, (e), ¢ (e;), &;) where
b = (p, e, e,, &;). We may identify ¢, (e;) and ¢, (e,) with e, and e, respectively.
The structure equations of E* are given by
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where @, and &,, are dlfferentlal 1-forms on #(E°). Putting i*(@,) = o, and
*(@,;) = w,, where #* is the dual map of z,, we get

Wy = s

(1.2) -
Wy = 3, hi_jwj~ h;; = hy ¢j=12).
i

The quadratic form }; 7, ;0,0; is called the second fundamental form of M. A
point x € M is called a umbilical point if the matrix (/;;) takes the form
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r O
(1.3) () = (O r)

at the point, where r is a real number. If a point is not umbilical, there exists
a neighborhood all of whose points are not umbilical. In such a neighbour-
hood, we can take an orthonormal frame field with respect to which (4;,) takes
the form

(14) (hij) = (gl :)> s r>r.

In a neighborhood containing no umbilical point we always use only such frame
field, which can be considered as a local cross section, to be denoted by o, of
M to the bundle space B. For simplicity we identify o*w;; and o*w; with w;,
and w; respectively, i,j = 1,2, 3. Then, we have

(1.5) do = 20 N oy,

dwij: Zwik/\wlcj (l5j7k: 192:3) .
k

Denoting by K and A the Gaussian curvature and the mean curvature of M
respectively, we have the following well known formulas

(1.6) K=r.r,, 2H=1r+r,.

Since M is orientable, a unit normal vector field e, can be globally defined on
M. Then we can consider r,, r, as continuous functions on M satisfying r, > r,,
and can reduce the assumption that one of the principal curvatures is every-
where a constant R to one of the following:

(1.7) i)rn=R>r,, (i) n>r,=R.

Furthermore we may assume that R > O (by replacing the unit normal vector
field e; by —e,, it necessary). It follows from a theorem of Massey [2] that
«(M) is a cylinder if R = 0. We shall classify the surfaces with the properties
(1.7) and R > 0 in the next section.

2. Surfaces one of whose principal curvatures is a positive constant

First, let M possess the property (i) of (1.7). Later, it will be seen that the
discussion on r; = R essentially covers the one on r, = R. Suppose that there
is a non-umbilical point p on M. Then, there exists a neighborhood V of p in
which every point is nonumbilical. From (1.2) and (1.4) we observe
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Q.1 w; = Ro, ,
2.2) Wy = Ty, , R>r,,

where r, is differentiable on ¥,
Lemma 1. There are differentiable functions u and f defined on V satisfyving

2.3) Wy, = fwz s
(2.4) w0 = du .

Proof. Taking exterior differentiation of (2.1) and making use of the
structure equations (1.5), we have

Rdw, = Rw, N\ 0, = oy, N\ o, .

Since R — r, # 0, we have w,, A\ @, = 0 and dw, = 0, from which the Lemma

follows. :
Taking exterior differentiation of (2.2) and (2.3) and making use of the
structure equations (1.5) again, along every integral curve of e, we get

or,/ou = f(R — r,) ,

2.5)
ofjou = —(Rr, + ),

which imply

R—r) 7% 4 2( %) 4 RR(R =) =0,

ou* ou
or
(2.6) 9”(23 +R2¢—R)=0,
where we have put
(2.7) p=1/(R~r).

By solving (2.6) and making use of (2.7), (2.5) we thus have

o R(acos Ru + b sin Ru)
* "dcosRu + bsinRu + 1/R "’

R(—asin Ru + bcos Ru)
acos Ru + bsin Ru + 1/R ’

(2.8) -

Lemma 2. Every integral curve y of e, in V is a geodesic of M, and more-
over is a part of a circle of radius 1/R. ~
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Proof. From (2.3) we have (de)(e,) = w,(e) e, = 0, which shows that
7 is a geodesic of M. Moreover we have along 7,

dp = edu ,

de, = Redu ,
de, = —Redu ,
de, = 0 .

Therefore 7 is a part of a circle of radius 1/R. q.e.d.

Suppose again that there is a non-umbilical point p on M. From now on V,
denotes the set of all non-umbilical points on M, and V is the connected com-
ponent of V, containing p.

Lemma 3. The integral curve y, of e, through p is a closed geodesic, and
is a circle of radius 1/R. Furthermore there does not exist any umbilical point
on 7,

Proof. By Lemma 2 it is sufficient to show that there is not a sequence
{s} (n = 1,2, ---) of parameters of y, converging to 4, such that lim y,(u,)

is a umbilical point. Assume that there is such a sequence. From (2.8), we
have

R — r(y,(w)) = 1/(a,cos Ru + b,sin Ru + l/R) R

where a,, b, are constants along 7,. Noting that R — r, is a continuous func-
tion on M we see

Jim [R — r(r,up] # 0 .

This fact implies lim.y,(«,) € ¥, which contradicts the assumption.

Proposition 4. Let M be a surface with r, = R > r,. Then M is either
totally umbilical or else umbilic free.

Proof. Suppose that there is a non-umbilical point p on M. For any point
g eV let y, denote the integral curve of e, which is a closed geodesic. 7, is a
circle of radius 1/R and contained entirely in V' by Lemma 3. Since V' is open
in M, it suffices to show that V is closed in M. Let {p,} (n =1,2,..-) be a
sequence of points belonging to V such that ,llml Pr=DP,€M, andset y, =7, .

By completeness of M we can choose a subsequence {7,} of {y,} converging to
some closed geodesic y, through p,. It follows from (2.8) that for each n there
exists a point g, on 7, for which r,(g,) = 0 holds. Then we can choose a sub-
sequence {g,} of {g,} converging to a point g, on 7,. Thus we have r,(q,) =
Lln;lc r,(g.) = O by continuity of r,, and hence g,¢ V. This fact together with

lim 7, = 7, implies that the tangent vector of 7, at g, coincides with e,(q,).

n—oo

Thus we have y, = 7,,, in particular p,e V.
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Corollary to Proposition 4. Let M be a surface with r, = R > r,. If there
is a umbilical point on. M, then M is totally umbilical and hence M is isometric
to the sphere S*(R) of radius 1/R.

Proposition 5. Let M be a surface with ry, =R >r,. If r, does not change
sign, then (M) is congruent to either S*(R) or the right circular cylinder
SUR) x E', where SU(R) is a circle of radius 1/R.

Proof. By virtue of Proposition 4 it suffices that f = 0 and r, = O hold if
M is umbilic free. Then we may assume that the orthonormal frame field
(p, e, e,, e;) under consideration is globally defined on M. For any point p e M,
the integral curve 7, of e, through p is a circle of radius 1/R. From (2.8) we
have, along 7,

. RVa + b*sin (Ru + @)
i va + bsin(Ru + @) + 1/R ’

where cos @ = a/va + b%sin @ = b/y/a@ + B’. Since u can take all real
numbers, r, changes sign if a® 4+ b* # 0, from which we must have a = 0, b = 0.
Therefore a and » must vanish identically on M and then we have f = 0 and
r, = 0. The remainder of proof follows immediately from the structure equa-
tions. q.e.d.

Now let M possess the property (ii) of (1.7), i.e., r, > r,= R > 0. Also
in this case the previous discussions are valid by exchanging the role of r, and
the one of r, mutually. Assume that there is a non-umbilical point p on such
M. Then there is a point p, on the integral curve of e, such that r,(p,) = 0,
which contradicts r, >> 0. Thus we have proved

Proposition 6. If M is a surface with r, > r, = R, then M is isometric to
S*(R).

As a contrapositive of Proposition 4, we state that r, changes sign if M is
neither isometric to a sphere nor to a right circular cylinder. Thus if M is
compact, which is not isometric to a sphere, and possesses the property r, =
R > r,(R > 0), then r, changes sign. This case will be dealt with in the next

section.

3. A characterization of a standard torus

Throughout this section let ¢: M — E* be an isometric immersion of a con-
nected, compact and orientable riemannian manifold M of nonzero genus, and
let M possess the property r,=R>r,(R>0). First we shall prove the following

Theorem 7. If ¢ is an imbedding, then M is diffeomorphic to a standard torus.

Proof. We may assume that the orthonormal frame field (p, e, e,, €;) is
globally defined on M. Fix an arbitrary point p of M, and let 2, be the integral
curve of e, with 2,(0) = p. Then there is a positive number L such that the
~ restriction 2, [ [0, L) traverses every circle y,(ge M) just once and 2,(L) ey,.
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Making use of 1, we can easily construct a simple and closed curve 4,: [0, L]
— M which traverses every circle y (g e M) just once. 4, can be considered as
a cross sectiort of the base space 1 »{10, L)) to the circle bundle space M. Hence
M is diffeomorphic to a standard torus. q.e.d.

Definte an orthomermal frame field (p, é,,e,) on M by ¢, () = e;,i = 1,2.
Furthermore, define a mapping ¢: M — E* by g = #(p) = «(p) + (1] R)ey(c(p)).
Then we have dq = dp + (1/R)e; = (1 — r,/R)e,»,, which shows that the
curve C(7)) = ¢(p(@, #®)) is regular because r, #= R, where @ (resp. v) denotes
the parameter of some-integral curve of e, (resp. &,). We shall call the curve C
the central curve of M. Since M is compact, C is closed (not necessarily simple).
It can be seem:by a straightforward calculation that C(#) is a circle, i.e., «{(M)
is congruent tora standard torus if and only if both functions @ and b in §2 are

nonzero constants. Here we shall estimate | H?c«dA. It is evident that the

M

following inequality holds:

(3.1) f HeordA > f HdA |

m (M)

where the equality holds if and only if there does not exist any open subset W
of (M) whose inverse image (~'(W) has at least two components.

In order to compute f HdA, we will use the formulas of Frenet-Serrét
(M)

(C, &, &, &) for the central curve C. Retake the parameter of C so that it
represents arc length from a fixed point on C. Then we obtain an immersion
ep ot §'(1) x S'2r /) onto «(M) defined by

), v) = Cv) + %(52 cos u + &, sin u) .

Denoting curvature and torsion of C by « and z, the formulas of Frenet-Serrét
for C are

dC = &dv ,
dg, = xEdv

43’1.2, B

¢.2) dE, = —xt dv + & dv
d&x’ = — rézdv .

Then the orthonormal frame field: and the basic forms on M can be expressed as

e, = —&sinu + &cosu,
(33) €, = 51 )

e, = —&,cosu — §;sinu ;
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0, = %(du + cdv)
(3.4)
w, = (1 — X cos u)dv .
R

Making use of (3.1) and (3.2), the connection form w,, and other forms of A M)
can be expressed as

Rk sin u
Wy = —————; ,
R — kcosu
(35) W3 = }z(u1 s
Rgcosu

P UV — 9
R —gcosu
—Rkcosu
R — kcosu

R4
(R — kcosu)?

Form (2.2), (3.4) and (3.5) we have r, = . Thus,

4(H* — K) =

From (3.4) the area element dA of «(M) is given by

(3.6) o, A w, = _R}_Z(R — kcos wdu A dv .
On the other hand, the Gauss-Bonnet theorem implies
3.7 f KdA = 4z(1 — ) =0 .

()
Taking account of these facts, we have
’ { e RZ
(3.8) 4f HdA = f AH? — K)dA = f U N —dudv

K COS U
(M) (M) 0

where [ denotes the length of the central curve C.
Since (3.4) implies necessarily jx|] < R and « depends only on v, we find

. R [ dv
(3.9) sza’A _ 7 _
2 .Or /Rt P

By virtue of the Schwarz’s inequality, we have

L l
(3-10) f ——*——L_.__.’U___——}_ lz/f VRZ — ICZd'U .
«/RZ —
0

(1)

(M)
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Recalling the inequality, we have
i 2 l 2
3.11) (f VR =@ dv) < R — (f xdv) :
] ]

Here by virtue of the generalized Fenchel’s theorem according to Milnor [3],
we have

l
(3.12) f rdv > 2

0

where the equality holds if and only if C is a convex curve in a plane,
Combining the inequalities (3.1), (3.10), (3.11) and (3.12), we obtain

szotdA R211
zlz

where the equality holds if and only if the equalities in (3.1), (3.10), (3.11) and
(3.12) hold simultaneously. In other words, C is a circle of radius //(2z) and
¢ is an imbedding. Summing up the above results, we can state as follows:
Theorem 8. Let M be a two-dimensional, connected, compact and orientable
Riemannian manifold of nonzero genus, and ¢: M — E* be an isometric im-
mersion. Suppose that one of the principal curvatures of M is a positive con-
stant R everywhere, and let | be the length of the central curve of M. Then

we have
le
fH’osz —_——
2WRE — 4r

where the equality holds if and only if ¢ is an imbedding, and (M) is congruent
to a standard torus T({|(2x), 1/R).

Proof of main theorem. Considering the right hand side of the inequality
in Theorem 8 as a function of R/, we can easily see that it attains the minimum
272 for Rl = 24/2z, and hence our main theorem follows from Theorem 8.
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